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Lens systems



Bi-convex lenses at large distance

This gives for the lens system the imaging equation
analogue to the Eq. (9.31) for a singel lens

1
f
¼ 1

f1
þ 1

f2
# D
f1f2

; ð9:32cÞ

where the focal lengths fi are defined as shown in Fig. 9.33.
For D < <f1 and D < < f2 we can neglect the last term and
obtain the result:

The reciprocal focal length of two close lenses add up to
the reciprocal focal length of the lens system.

The reciprocal focal length D* = 1/f of a lens is called its
refractive power. It is measured in units of diopter D*,
where 1dpt = 1 m−1.

Equation (9.32c) can be formulated as

The refractive powers of two close lenses centered
around the same symmetry axis add up to the total
refractive power of the lens system.

Example

A lens with f = 50 cm has a refractive power D1* = 1/
(0,5 m) = 2 dpt. A lens L2 with f2 = 30 cm has a
refractive power D2* = 3.33 dpt. The total system has
the refractive power D* = D1* + D2* = 5.33 dpt and
therefore a focal length f = 18.8 cm if the distance
D between the two lenses can be neglected.

Choosing the right combination of f1, f2 and D in (9.32c)
any wanted focal length of the system can be realized.

Example

Two lenses with f1 = 20 cm and f2 = 30 cm and the
distance D give the focal length of the system

f ¼ 20 & 30
20þ 30# D

cm:

For D < 50 cm is f > 0, the system acts as col-
lecting lens. For D > 50 cm the total focal length
becomes negative The system acts as diverging lens.
For D = 6 cm the focal length is f = 13.6 cm, for
D = 60 cm ! f = −60 cm.

Figures 9.33 and 9.34 show the geometric construction of
two different lens systems where in Fig. 9.34 the distance
D > f1 + f2 is larger than the sum of the two focal lengths,
whereas in Fig. 9.35 D < f1 and f2 is smaller than each of the
two focal lengths. In Fig. 9.35 the imageB is inverted.Without
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Fig. 9.33 Example of an optical system of two thick lenses
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Fig. 9.34 Imaging by a system of two lenses with a distance D > f1 + f2. The intermediate image B1 produced by L1 is further imaged by L2 into
the final image B
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Bi-Convex lenses at close distance

the lens L2 the larger image B′ would be generated (by the
dashed straight lines). Due to the refraction by the second lens
L2 the three ray intersect at the smaller image B.

The magnification factor M of the lens system is for
D > f1 + f2 equal to the product M1 ! M2 of the two lenses.
From Fig. 9.34 we obtain

M ¼ M1 ! M2 ¼
b1
a1

! b2
a2

¼ b1b2
a1 D# b1ð Þ

; ð9:33aÞ

because a2 = D − b1. Using the expression (9.27) for the
magnification factors M1 and M2 one obtains

M ¼ f1 ! f2
f1 # a1ð Þ f2 þ b1 # Dð Þ

¼ 1
1# a1=f1ð Þ 1þ b1 # Dð Þ=f2ð Þ :

ð9:33bÞ

Replacing b1 with the expression in the imaging
Eq. (9.26) the result of the magnification factor becomes

M ¼ 1
1# a1

f1
# a1 þD

f2
þ a1D

f1f2

: ð9:33cÞ

More information about systems of several lenses can be
found, for instance, in [1].

9.5.5 Zoom-Lens Systems

For many applications, in particular for photo-shooting or
video cameras a variable magnification without changing the
lenses is very useful. This can be achieved by system of
lenses, where the distance D between the lenses can be
varied, which changes the magnificationM without changing
the object plane or the image plane (see Eq. (9.33c)). Such
lens systems are called Zoom lenses. They consist of at least
3 lenses. In Fig. 9.36 a system of 4 lenses is shown con-
sisting of a pair of divergent lenses with a firmly fixed dis-
tance between two fixed converging lenses. The pair can be
shifted by the distance d*. The magnification M of the

system is for an object distance a ' f proportional to the
focal length of the system. In order to change the magnifi-
cation by the factor V = Mmax/Mmin one has to change the
focal length by this factor. This can be achieved by shifting
the pair of divergent lenses. The image plane should not
change while doing this.

With a rather elaborate calculation [2], which starts from
equations analogue to (9.33a–9.33c) one can show that the
shift d at a given focal length f is related to the magnification
ratio V by

d( ¼ V # 1ð Þffiffiffiffi
V

p

Nowadays Zoom-objectives for cameras can be bought,
which change their magnification by a factor 10 just by
turning the lens mount thus converting the camera operation
from wide angle to telephoto (Fig. 9.37) [3].

Example

V ¼ 4 ! d( ¼ 1:5 ! f :

9.5.6 Lens Aberrations

The previous representation of lenses and their imaging
properties were dealing with ideal lenses and are for real
lenses approximately correct only for paraxial light rays
close to the symmetry axis.

For rays which are farther away from the symmetry axis
or which are inclined against this axis image aberrations
occur, which cause that an object point A is no longer
imaged into an image point B but rather into an area around
B. This results in a blur of the image and often also in a
distortion which is different for the different local parts of the

1aF b1F

2aF

2bF

1L 2L

1f 2fD

A

1

2

3

B

B'

1a 1b

21 fD;fD< <

Fig. 9.35 Imaging by a system of two lenses with a distance D < f1
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Fig. 9.36 Zoom-lens system. Alteration of the magnification M by
shifting the pair of diverging lenses. L2 within the distance d* between
the two converging lenses L1–L3
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This gives for the lens system the imaging equation
analogue to the Eq. (9.31) for a singel lens

1
f
¼ 1

f1
þ 1

f2
# D
f1f2

; ð9:32cÞ

where the focal lengths fi are defined as shown in Fig. 9.33.
For D < <f1 and D < < f2 we can neglect the last term and
obtain the result:

The reciprocal focal length of two close lenses add up to
the reciprocal focal length of the lens system.

The reciprocal focal length D* = 1/f of a lens is called its
refractive power. It is measured in units of diopter D*,
where 1dpt = 1 m−1.

Equation (9.32c) can be formulated as

The refractive powers of two close lenses centered
around the same symmetry axis add up to the total
refractive power of the lens system.

Example

A lens with f = 50 cm has a refractive power D1* = 1/
(0,5 m) = 2 dpt. A lens L2 with f2 = 30 cm has a
refractive power D2* = 3.33 dpt. The total system has
the refractive power D* = D1* + D2* = 5.33 dpt and
therefore a focal length f = 18.8 cm if the distance
D between the two lenses can be neglected.

Choosing the right combination of f1, f2 and D in (9.32c)
any wanted focal length of the system can be realized.

Example

Two lenses with f1 = 20 cm and f2 = 30 cm and the
distance D give the focal length of the system

f ¼ 20 & 30
20þ 30# D

cm:

For D < 50 cm is f > 0, the system acts as col-
lecting lens. For D > 50 cm the total focal length
becomes negative The system acts as diverging lens.
For D = 6 cm the focal length is f = 13.6 cm, for
D = 60 cm ! f = −60 cm.

Figures 9.33 and 9.34 show the geometric construction of
two different lens systems where in Fig. 9.34 the distance
D > f1 + f2 is larger than the sum of the two focal lengths,
whereas in Fig. 9.35 D < f1 and f2 is smaller than each of the
two focal lengths. In Fig. 9.35 the imageB is inverted.Without
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Optical Instruments



The Eye



Vision



Rod and Cone density - Color Vision

It is interesting that the incident light has to pass through
all layers of the retina before it reaches the photoreceptors.
This is certainly not optimized with respect to the function of
the eye as optical imaging system. The electrical output
signals of the photoreceptors has to be sent back to the nerve
cells in the first layer of the retina, which then send their
output signals to the brain. The question arises whether the
light on its way through all layers of the retina is not scat-
tered, which would blur the image on the photoreceptors and
therefore would decrease the spatial resolution. Only
recently detailed investigations have shown, that some cells
in the retina act as optical fibers which guide the light to the
photoreceptors without scattering.

11.1.2 Short- and Far-Sightedness

For a short-sighted eye the focal length f2 on the image side
is too small. The eye muscle cannot sufficiently stretch the
eye lens (for instance if the eye socket is too small). The
radius of curvature of the lens is then too small. For all
objects at a far distance the image is produced before the
retina (Fig. 11.5a), while objects at very small distances are
correctly imaged. Shortsightedness can be corrected by an
additional diverging lens (Fig. 11.5a) which can be either
carried as eyeglasses or as contact lenses.

For a farsighted eye the eye lens cannot be sufficiently
contorted (for instance because of the visual fatigue of the
eye muscle for older people, called presbyopia). Therefore
the focal length of the image side is too large and the image
of objects lies behind the retina. Here a converging lens is
needed for correction (Fig. 11.5b)

Since the eye acts as an imaging lens, all lens aberrations,
discussed in Sect. 9.5.5 (for instance astigmatism) can occur.
They can be corrected by special grounded eye glasses. For
astigmatism these are a combination of spherical and
cylindrical lenses [3].

11.1.3 Spatial Resolution and Sensitivity
of the Eye

The nearer an object is brought to the eye the larger appears
its size, i.e. the larger becomes the angle e between the light
rays from the edges of the object (Fig. 11.6). At a distance
s of the object with diameter G we get for the visual angle e

tan e=2 ¼ 1
2
G
s
) e " G

s
ð11:1Þ

An object at the distance g has an image distance b ac-
cording to the lens equation

f1
g

þ f2
b

¼ 1 ð11:2Þ
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Fig. 11.4 Relative spectral sensitivity of the three receptor cells a,
b and c in the cones and of the rhodopsin pigments in the rods (dashed
curve) The right ordinate scale gives the minimum power, incident onto
the retina, which can be still detected by the cones, which is smaller
than that for the rods

(a)

(b)

body of the eye 

without
with lens

body of the eye 

without
with lens

Fig. 11.5 a) the short-sighted eye with and without a diverging lens,
b) the far sighted eye with and without a converging lens
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Optical System

different types of cones, where ηm is the maximum sensitivity
of cone type b. At sufficiently high light intensity we see only
with the cones, at darkness only with the rods, at twilight with
both. Since the rods are more sensitive than the cones it is
difficult to distinguish colors at twilight [1, 2]. Recently new
cells (ganglion cells) have been discovered in the retina,
which control the daily rhythm of our body. When these
cells receive light, they alter their electrical conductivity.
This generates neuronal signals that are transferred to the
brain.
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It is interesting that the incident light has to pass through
all layers of the retina before it reaches the photoreceptors.
This is certainly not optimized with respect to the function of
the eye as optical imaging system. The electrical output
signals of the photoreceptors has to be sent back to the nerve
cells in the first layer of the retina, which then send their
output signals to the brain. The question arises whether the
light on its way through all layers of the retina is not scat-
tered, which would blur the image on the photoreceptors and
therefore would decrease the spatial resolution. Only
recently detailed investigations have shown, that some cells
in the retina act as optical fibers which guide the light to the
photoreceptors without scattering.

11.1.2 Short- and Far-Sightedness

For a short-sighted eye the focal length f2 on the image side
is too small. The eye muscle cannot sufficiently stretch the
eye lens (for instance if the eye socket is too small). The
radius of curvature of the lens is then too small. For all
objects at a far distance the image is produced before the
retina (Fig. 11.5a), while objects at very small distances are
correctly imaged. Shortsightedness can be corrected by an
additional diverging lens (Fig. 11.5a) which can be either
carried as eyeglasses or as contact lenses.

For a farsighted eye the eye lens cannot be sufficiently
contorted (for instance because of the visual fatigue of the
eye muscle for older people, called presbyopia). Therefore
the focal length of the image side is too large and the image
of objects lies behind the retina. Here a converging lens is
needed for correction (Fig. 11.5b)

Since the eye acts as an imaging lens, all lens aberrations,
discussed in Sect. 9.5.5 (for instance astigmatism) can occur.
They can be corrected by special grounded eye glasses. For
astigmatism these are a combination of spherical and
cylindrical lenses [3].

11.1.3 Spatial Resolution and Sensitivity
of the Eye

The nearer an object is brought to the eye the larger appears
its size, i.e. the larger becomes the angle e between the light
rays from the edges of the object (Fig. 11.6). At a distance
s of the object with diameter G we get for the visual angle e

tan e=2 ¼ 1
2
G
s
) e " G

s
ð11:1Þ

An object at the distance g has an image distance b ac-
cording to the lens equation
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¼ 1 ð11:2Þ
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Fig. 11.4 Relative spectral sensitivity of the three receptor cells a,
b and c in the cones and of the rhodopsin pigments in the rods (dashed
curve) The right ordinate scale gives the minimum power, incident onto
the retina, which can be still detected by the cones, which is smaller
than that for the rods
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Fig. 11.5 a) the short-sighted eye with and without a diverging lens,
b) the far sighted eye with and without a converging lens
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It is interesting that the incident light has to pass through
all layers of the retina before it reaches the photoreceptors.
This is certainly not optimized with respect to the function of
the eye as optical imaging system. The electrical output
signals of the photoreceptors has to be sent back to the nerve
cells in the first layer of the retina, which then send their
output signals to the brain. The question arises whether the
light on its way through all layers of the retina is not scat-
tered, which would blur the image on the photoreceptors and
therefore would decrease the spatial resolution. Only
recently detailed investigations have shown, that some cells
in the retina act as optical fibers which guide the light to the
photoreceptors without scattering.

11.1.2 Short- and Far-Sightedness

For a short-sighted eye the focal length f2 on the image side
is too small. The eye muscle cannot sufficiently stretch the
eye lens (for instance if the eye socket is too small). The
radius of curvature of the lens is then too small. For all
objects at a far distance the image is produced before the
retina (Fig. 11.5a), while objects at very small distances are
correctly imaged. Shortsightedness can be corrected by an
additional diverging lens (Fig. 11.5a) which can be either
carried as eyeglasses or as contact lenses.

For a farsighted eye the eye lens cannot be sufficiently
contorted (for instance because of the visual fatigue of the
eye muscle for older people, called presbyopia). Therefore
the focal length of the image side is too large and the image
of objects lies behind the retina. Here a converging lens is
needed for correction (Fig. 11.5b)

Since the eye acts as an imaging lens, all lens aberrations,
discussed in Sect. 9.5.5 (for instance astigmatism) can occur.
They can be corrected by special grounded eye glasses. For
astigmatism these are a combination of spherical and
cylindrical lenses [3].

11.1.3 Spatial Resolution and Sensitivity
of the Eye

The nearer an object is brought to the eye the larger appears
its size, i.e. the larger becomes the angle e between the light
rays from the edges of the object (Fig. 11.6). At a distance
s of the object with diameter G we get for the visual angle e

tan e=2 ¼ 1
2
G
s
) e " G

s
ð11:1Þ

An object at the distance g has an image distance b ac-
cording to the lens equation

f1
g

þ f2
b

¼ 1 ð11:2Þ
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Fig. 11.4 Relative spectral sensitivity of the three receptor cells a,
b and c in the cones and of the rhodopsin pigments in the rods (dashed
curve) The right ordinate scale gives the minimum power, incident onto
the retina, which can be still detected by the cones, which is smaller
than that for the rods
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Fig. 11.5 a) the short-sighted eye with and without a diverging lens,
b) the far sighted eye with and without a converging lens
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Visual Angle

It is interesting that the incident light has to pass through
all layers of the retina before it reaches the photoreceptors.
This is certainly not optimized with respect to the function of
the eye as optical imaging system. The electrical output
signals of the photoreceptors has to be sent back to the nerve
cells in the first layer of the retina, which then send their
output signals to the brain. The question arises whether the
light on its way through all layers of the retina is not scat-
tered, which would blur the image on the photoreceptors and
therefore would decrease the spatial resolution. Only
recently detailed investigations have shown, that some cells
in the retina act as optical fibers which guide the light to the
photoreceptors without scattering.

11.1.2 Short- and Far-Sightedness

For a short-sighted eye the focal length f2 on the image side
is too small. The eye muscle cannot sufficiently stretch the
eye lens (for instance if the eye socket is too small). The
radius of curvature of the lens is then too small. For all
objects at a far distance the image is produced before the
retina (Fig. 11.5a), while objects at very small distances are
correctly imaged. Shortsightedness can be corrected by an
additional diverging lens (Fig. 11.5a) which can be either
carried as eyeglasses or as contact lenses.

For a farsighted eye the eye lens cannot be sufficiently
contorted (for instance because of the visual fatigue of the
eye muscle for older people, called presbyopia). Therefore
the focal length of the image side is too large and the image
of objects lies behind the retina. Here a converging lens is
needed for correction (Fig. 11.5b)

Since the eye acts as an imaging lens, all lens aberrations,
discussed in Sect. 9.5.5 (for instance astigmatism) can occur.
They can be corrected by special grounded eye glasses. For
astigmatism these are a combination of spherical and
cylindrical lenses [3].

11.1.3 Spatial Resolution and Sensitivity
of the Eye

The nearer an object is brought to the eye the larger appears
its size, i.e. the larger becomes the angle e between the light
rays from the edges of the object (Fig. 11.6). At a distance
s of the object with diameter G we get for the visual angle e

tan e=2 ¼ 1
2
G
s
) e " G

s
ð11:1Þ

An object at the distance g has an image distance b ac-
cording to the lens equation

f1
g

þ f2
b

¼ 1 ð11:2Þ
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Fig. 11.4 Relative spectral sensitivity of the three receptor cells a,
b and c in the cones and of the rhodopsin pigments in the rods (dashed
curve) The right ordinate scale gives the minimum power, incident onto
the retina, which can be still detected by the cones, which is smaller
than that for the rods
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Fig. 11.5 a) the short-sighted eye with and without a diverging lens,
b) the far sighted eye with and without a converging lens
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Magnifying Glass

shifted by the distance Dz, the image in the plane z = g be-
comes blurred out into a disc. The maximum shift Dzmax

which still gives an image size of an object point below the
resolution of the eye at the distance s0 is called the focus
depth of the optical instrument. The images within the focus
depth are still regarded as sharp images. The focus depth
depends on the diameter Da of the aperture in the instrument.
This can be seen as follows:

In Fig. 11.7 the point A is imaged by a lens into the point
B. If the object A is shifted to Af at the front side of the focus
depth the image is a circle with diameter u. The same is true,
if A is shifted to Ab at the backside of the focus depth.
According to the theorem of intercepting lines we get from
Fig. 11.7 the relation

u
DB

¼ bb " b0
bb

:

in a similar way the imaging of Ab gives the relation

u
DB

¼ b0 " bh
bh

:

using the lens equation

1
a

þ 1
b
¼ 1

f

we obtain for the imaging of the points Af, A and Ab the front
focus depth

Daf ¼ a0 " af ¼ b0f 2u
ðb0 " f ÞðDBb0 " DBf þ uf Þ

ð11:3aÞ

and for the back focus depth

Dab ¼ ab " a0 ¼ b0f 2u
ðb0 " f ÞðDBb0 " DBf " uf Þ :

ð11:3bÞ

The front focus depth Daf is therefore smaller than the
back focus depth Dab. Both are proportional to the square of

the focal length f and increase with decreasing diameter DB

of the aperture. The focus depth is therefore increased by
using a smaller aperture diameter Da.

Example

a0 = 1 m, f = 50 mm, b0 = 52.6 mm, u = 0.1 mm.

(a) For DB = 1 cm => Dab = 0.24 m and Daf =
0.16 m.

(b) For Da = 0.3 cm => Dab = 1.8 m and Daf =
0.40 m.

For case (a) the focus depth ranges from 1.24 to
0.84 m, for case (b) from 2.8 to 0.60 m.

11.2.1 Magnifying Glass

A magnifying glass is a lens with short focal length f. It is
placed between object and eye in such a sway that the object
lies in the focal plane of the lens (Fig. 11.8). Therefore a
parallel light beam enters the eye and the object appears at
infinite distance. The relaxed eye can adapt to this infinite
distance. The object with diameter A appears for the eye
under the angle e ¼ A=f . Without magnifying glass the
object would appear at the clear visual range s0 under the
angle e0 ¼ A=s0.

The angular magnification of the magnifying glass is then

VM ¼ tan e
tan e0

¼ A
f
& s0
A

¼ s0
f
: ð11:3cÞ

image plane
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Fig. 11.7 Definition of the focus depth for imaging by a lens
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Fig. 11.8 Magnification of the visual angle e by a magnifying glass.
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shifted by the distance Dz, the image in the plane z = g be-
comes blurred out into a disc. The maximum shift Dzmax

which still gives an image size of an object point below the
resolution of the eye at the distance s0 is called the focus
depth of the optical instrument. The images within the focus
depth are still regarded as sharp images. The focus depth
depends on the diameter Da of the aperture in the instrument.
This can be seen as follows:

In Fig. 11.7 the point A is imaged by a lens into the point
B. If the object A is shifted to Af at the front side of the focus
depth the image is a circle with diameter u. The same is true,
if A is shifted to Ab at the backside of the focus depth.
According to the theorem of intercepting lines we get from
Fig. 11.7 the relation

u
DB

¼ bb " b0
bb

:

in a similar way the imaging of Ab gives the relation

u
DB

¼ b0 " bh
bh

:

using the lens equation

1
a

þ 1
b
¼ 1

f

we obtain for the imaging of the points Af, A and Ab the front
focus depth

Daf ¼ a0 " af ¼ b0f 2u
ðb0 " f ÞðDBb0 " DBf þ uf Þ

ð11:3aÞ

and for the back focus depth

Dab ¼ ab " a0 ¼ b0f 2u
ðb0 " f ÞðDBb0 " DBf " uf Þ :

ð11:3bÞ

The front focus depth Daf is therefore smaller than the
back focus depth Dab. Both are proportional to the square of

the focal length f and increase with decreasing diameter DB

of the aperture. The focus depth is therefore increased by
using a smaller aperture diameter Da.

Example

a0 = 1 m, f = 50 mm, b0 = 52.6 mm, u = 0.1 mm.

(a) For DB = 1 cm => Dab = 0.24 m and Daf =
0.16 m.

(b) For Da = 0.3 cm => Dab = 1.8 m and Daf =
0.40 m.

For case (a) the focus depth ranges from 1.24 to
0.84 m, for case (b) from 2.8 to 0.60 m.

11.2.1 Magnifying Glass

A magnifying glass is a lens with short focal length f. It is
placed between object and eye in such a sway that the object
lies in the focal plane of the lens (Fig. 11.8). Therefore a
parallel light beam enters the eye and the object appears at
infinite distance. The relaxed eye can adapt to this infinite
distance. The object with diameter A appears for the eye
under the angle e ¼ A=f . Without magnifying glass the
object would appear at the clear visual range s0 under the
angle e0 ¼ A=s0.

The angular magnification of the magnifying glass is then

VM ¼ tan e
tan e0

¼ A
f
& s0
A

¼ s0
f
: ð11:3cÞ

image plane

DB

u

bf

af

ab
a0

b0
bb

AbAf FA
B

F

Fig. 11.7 Definition of the focus depth for imaging by a lens
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Fig. 11.8 Magnification of the visual angle e by a magnifying glass.
a) If the object A lies in the focal plane, b) if a < f
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In focus within focal range

VM =
tan(ϵ)
tan(ϵ0)

=
s0

f
VM =

tan(ϵ)
tan(ϵ0)

=
s0

a
=

s0

f
+ 1


