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Curved Interfaces

n1
a

þ n2
b
¼ n1 # n1

R
ð9:22bÞ

between the object distance a, the image distance b and the
radius of curvature R. Using (9.21a and 9.21b) we can
express this by the focal length f and obtain

n1
a

þ n2
b
¼ n2

f2
¼ # n1

n2
: ð9:22cÞ

9.5.2 Thin Lenses

A lens consists of a transparent medium with refractive
index n2 which is separated on both sides by polished sur-
faces from a medium with refractive index n1 (generally air
with n1 = 1) (Fig. 9.24).

We will here restrict the discussion on lenses with
spherical surfaces in air. We can then set n1 = 1 and
n2 = n. The different types of lenses are classified according
to their radii of curvature R1 and R2 which are defined as the
orientated distance from the curved surface to its center of
curvature M (Fig. 9.25). The radius of curvature is positive
(R > 0) if it points into the positive direction to the right of

the curved surface, it is negative (R < 0) if it points into the
negative direction.

Note We will always use the convention that the incident
light propagates from left to right, i.e. from the negative to
the positive half space (Fig. 9.24). We can therefore also use
the equivalent definition that R is positive if the center of
curvature M lies on that side of the interface which is
opposite to the light source.

The interface in Fig. 9.23 has, for instance a positive
radius of curvature. In Fig. 9.24 is R1 > 0 and R2 < 0.

In Fig. 9.26 some types of lenses are illustrated. A curved
lens surface is convex, if the lens lies between surface and
the center M of curvature, otherwise it is concave. The types
(a), (b) and (f) in Fig. 9.26 are convergent lenses, (d) and
(e) are diverging lenses. The form (c) is a convergent lens for
R1j j\ R2j j but a diverging lens otherwise.
A thin lens is the idealization of real lenses where the

maximum distance between the two surfaces is small com-
pared to the focal length.

The optical imaging by a lens can be described by suc-
cessive imaging by the two surfaces of the lens (Fig. 9.27).
For the first surface we obtain from (9.22a) to (9.22c) with
n1 = 1 and n2 = n

1
a1

þ n
b1

¼ n# 1
R1

: ð9:23aÞ

If only the interface 1 with radius of curvature R1 would
exist (i.e. to the right of the surface 1 extends only the
homogeneous medium with refractive index n2) the point
A would be imaged into the point B1 in Fig. 9.27a.

By the second refraction at the second interface the rays are
again bent and intersect in the image point Bwhich is closer to
the lens. Equation 9.22b for the second imaging can be
obtained by the following consideration:When we reverse the
role of object and image we can regard B as the object which
is imaged into the point A. Since we have now reversed the
direction of imaging we also have to reverse the succession of

A

a

0

P

R

b
M

B

1n 2n

ε

α

β

δ γ
X

Fig. 9.23 Illustration of Eq. (9.22a–9.22c)
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Fig. 9.24 Imaging of the object point A on the symmetry axis into the
image B by a lens with radii R1 and R2
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Fig. 9.25 Definition of the signs of radii of curvature
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Lenses

can be neglected for thin lenses with d ! 0. Assuming B as
object point and A as image point the ray 3 parallel to the
axis on the image side has to pass through F1 on the object
side. Inserting in (9.26) a = f + xa and b = f + xb we obtain
for the distances xa between object point A and focal point F1

and xb between image point B and focal point F2 Newton’s
imaging equation

xa ! xb ¼ f 2: ð9:26aÞ

With the lateral magnification (imaging scale….) M this
yields

M ¼ BB0

AA0

The quantity M can be immediately obtained from
Fig. 9.28 using the relation

M ¼ % b
a
¼ f

f % a
: ð9:27Þ

For M < 0 the image of the object is reversed, for M > 0
the image arrow in Fig. 9.28 has the same direction as the
object arrow.

One can see from (9.27) thatM < 0 for a > f. This means:
The imaging is always reversed (the image arrow has the
opposite direction as the object arrow) if the object distance
a is larger than the focal length f. For a = 2f ! M = −1, i.e.
object and image have the same size but opposite directions.
For a = f ! b = ∞, i.e. the image is shifted towards infinity
and M = ∞.

9.5.3 Thick Lenses

For thin lenses we could replace the twofold refraction at the
two lens surfaces by a single refraction at the center plane of
the lens. For thick lenses where the distance S1S2 of the
vertices of the two surfaces is no longer negligible; this
simplification would lead to larger deviations from the real
situation. Looking at the ray passing through the center O of

the thick lens (Fig. 9.29) one can see that the output ray is
not deflected but only displaced by the displacement D. This
offers the following substitute of the ray path through thick
lenses (Fig. 9.30): The incident beam is prolonged up to its
intersection P1 with the axis. Then it proceeds along the axis
until the point P2 where it follows the straight extension of
the exit ray. The vertical planes through the points P1 and P2

are called the principal planes. The refraction of rays at the
surfaces of thick lenses can be replaced by two refractions at
the principles planes (instead at one plane for thin lenses).

This construction replaces the thick lens by two thin lenses
located at the principle planes through P1 and P2. with their
distance h. It is possible to prove with some mathematical
efforts that one obtains also for thick lenses the imaging
Eq. (9.26) of thin lenses, if the objet distance is measured
from the object A to the point P1 of the first principal plane,
and the image distance from P2 to the image point B. For the
focal length of a thick lens with the thickness d = h1 + h + h2
in air one obtains instead of (9.25a) the expression

1
f
¼ n% 1ð Þ 1

R1
% 1
R2

þ n% 1ð Þd
nR1R2

! "
: ð9:28Þ

For the distances between the vertices Si and the points Pi

one gets

h1 ¼ % n% 1ð Þf ! d
n ! R2

;

h2 ¼ % n% 1ð Þf ! d
n ! R1

;

ð9:29Þ
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Fig. 9.29 The ray passing through the center of a lens is not deflected
but displaced by the distance D
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the refractive indices. The rays starting from B in the reverse
direction would proceed, without refraction at the surface 2,
along the dashed lines. An observer in B would assume that
the light rays come from the points B′ or B″. For considering
the imaging by the curved surface 2 we have to set
(Fig. 9.27b) n1 ! n, n2 ! 1, a ! −(b1 − d), and R ! −R2.

The minus sign appears because the imaging now proceeds
from right to left. We then obtain

!n
b1 ! d

þ 1
b2

¼ 1! n
R2

: ð9:23bÞ

Adding (9.23a) and (9.23b) gives the equation

1
a1

þ 1
b2

¼ n! 1ð Þ 1
R1

! 1
R2

! "
þ n & d

b1 b1 ! dð Þ : ð9:24aÞ

Introducing the distances a ¼ a1 þ d=2 and b ¼
b2 þ d=2 from A until the mid of the lens we obtain for thin
lenses the lens equation

1
a
þ 1

b
¼ n! 1ð Þ 1

R1
! 1
R2

! "
: ð9:24bÞ

This is the general equation for the imaging by thin
lenses, where the distance O1O2 is small compared to the
focal lengths f1 and f2. For the graphic construction one can
replace the refraction at the two lens surfaces by a single
refraction at the center plane of the lens with the refraction
angle a1 ! !1ð Þþ a2!!2ð Þ (Figs. 9.27 and 9.28).

For an incident beam parallel to the axis is in (9.24b)
a ¼ 1. Since this ray has to pass through the focal point F is
b = f and we get for the focal length of a thin lens

f ¼ 1
n! 1

R1 & R2

R2 ! R1

! "
: ð9:25aÞ

For a biconvex lens with equal radii of curvature
(R1 = −R2 = R) the focal length becomes

f ¼ R=2
n! 1

: ð9:25bÞ

Compare this result with the focal length f = R/2 of a
spherical mirror.

Inserting the focal length (9.25a) into (9.24a and 9.24b
one obtains the imaging equation of thin lenses

1
a
þ 1

b
¼ 1

f
: ð9:26Þ

For the graphic construction of the imaging by thin lenses
one uses the ray 1 parallel to the axis (Fig. 9.28) which
passes through the focal point F2 on the image side and the
ray 2 through the center point O of the lens, which is not
deflected. The displacement D of this ray

D ¼ d & sin a 1! cos affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 ! sin2 a

p
! "
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Fig. 9.26 Examples of different forms of lenses: a) convex-convex =
biconvex b) plane-convex c) convex-concave d) biconcave e)
concave-plane f) aspherical lens

(a)

(b)

R2

R1
M2 B1BA

B'

B''

1 2

M1

a1

M1 M2

b

b1

B1BA

a

a2
b2

d

Fig. 9.27 Illustration of the derivation of the lens equation
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can be neglected for thin lenses with d ! 0. Assuming B as
object point and A as image point the ray 3 parallel to the
axis on the image side has to pass through F1 on the object
side. Inserting in (9.26) a = f + xa and b = f + xb we obtain
for the distances xa between object point A and focal point F1

and xb between image point B and focal point F2 Newton’s
imaging equation

xa ! xb ¼ f 2: ð9:26aÞ

With the lateral magnification (imaging scale….) M this
yields

M ¼ BB0

AA0

The quantity M can be immediately obtained from
Fig. 9.28 using the relation

M ¼ % b
a
¼ f

f % a
: ð9:27Þ

For M < 0 the image of the object is reversed, for M > 0
the image arrow in Fig. 9.28 has the same direction as the
object arrow.

One can see from (9.27) thatM < 0 for a > f. This means:
The imaging is always reversed (the image arrow has the
opposite direction as the object arrow) if the object distance
a is larger than the focal length f. For a = 2f ! M = −1, i.e.
object and image have the same size but opposite directions.
For a = f ! b = ∞, i.e. the image is shifted towards infinity
and M = ∞.

9.5.3 Thick Lenses

For thin lenses we could replace the twofold refraction at the
two lens surfaces by a single refraction at the center plane of
the lens. For thick lenses where the distance S1S2 of the
vertices of the two surfaces is no longer negligible; this
simplification would lead to larger deviations from the real
situation. Looking at the ray passing through the center O of

the thick lens (Fig. 9.29) one can see that the output ray is
not deflected but only displaced by the displacement D. This
offers the following substitute of the ray path through thick
lenses (Fig. 9.30): The incident beam is prolonged up to its
intersection P1 with the axis. Then it proceeds along the axis
until the point P2 where it follows the straight extension of
the exit ray. The vertical planes through the points P1 and P2

are called the principal planes. The refraction of rays at the
surfaces of thick lenses can be replaced by two refractions at
the principles planes (instead at one plane for thin lenses).

This construction replaces the thick lens by two thin lenses
located at the principle planes through P1 and P2. with their
distance h. It is possible to prove with some mathematical
efforts that one obtains also for thick lenses the imaging
Eq. (9.26) of thin lenses, if the objet distance is measured
from the object A to the point P1 of the first principal plane,
and the image distance from P2 to the image point B. For the
focal length of a thick lens with the thickness d = h1 + h + h2
in air one obtains instead of (9.25a) the expression

1
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¼ n% 1ð Þ 1

R1
% 1
R2

þ n% 1ð Þd
nR1R2

! "
: ð9:28Þ

For the distances between the vertices Si and the points Pi

one gets

h1 ¼ % n% 1ð Þf ! d
n ! R2

;

h2 ¼ % n% 1ð Þf ! d
n ! R1

;

ð9:29Þ
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can be neglected for thin lenses with d ! 0. Assuming B as
object point and A as image point the ray 3 parallel to the
axis on the image side has to pass through F1 on the object
side. Inserting in (9.26) a = f + xa and b = f + xb we obtain
for the distances xa between object point A and focal point F1

and xb between image point B and focal point F2 Newton’s
imaging equation

xa ! xb ¼ f 2: ð9:26aÞ

With the lateral magnification (imaging scale….) M this
yields

M ¼ BB0

AA0

The quantity M can be immediately obtained from
Fig. 9.28 using the relation

M ¼ % b
a
¼ f

f % a
: ð9:27Þ

For M < 0 the image of the object is reversed, for M > 0
the image arrow in Fig. 9.28 has the same direction as the
object arrow.

One can see from (9.27) thatM < 0 for a > f. This means:
The imaging is always reversed (the image arrow has the
opposite direction as the object arrow) if the object distance
a is larger than the focal length f. For a = 2f ! M = −1, i.e.
object and image have the same size but opposite directions.
For a = f ! b = ∞, i.e. the image is shifted towards infinity
and M = ∞.

9.5.3 Thick Lenses

For thin lenses we could replace the twofold refraction at the
two lens surfaces by a single refraction at the center plane of
the lens. For thick lenses where the distance S1S2 of the
vertices of the two surfaces is no longer negligible; this
simplification would lead to larger deviations from the real
situation. Looking at the ray passing through the center O of

the thick lens (Fig. 9.29) one can see that the output ray is
not deflected but only displaced by the displacement D. This
offers the following substitute of the ray path through thick
lenses (Fig. 9.30): The incident beam is prolonged up to its
intersection P1 with the axis. Then it proceeds along the axis
until the point P2 where it follows the straight extension of
the exit ray. The vertical planes through the points P1 and P2

are called the principal planes. The refraction of rays at the
surfaces of thick lenses can be replaced by two refractions at
the principles planes (instead at one plane for thin lenses).

This construction replaces the thick lens by two thin lenses
located at the principle planes through P1 and P2. with their
distance h. It is possible to prove with some mathematical
efforts that one obtains also for thick lenses the imaging
Eq. (9.26) of thin lenses, if the objet distance is measured
from the object A to the point P1 of the first principal plane,
and the image distance from P2 to the image point B. For the
focal length of a thick lens with the thickness d = h1 + h + h2
in air one obtains instead of (9.25a) the expression
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% 1
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For the distances between the vertices Si and the points Pi

one gets

h1 ¼ % n% 1ð Þf ! d
n ! R2

;

h2 ¼ % n% 1ð Þf ! d
n ! R1

;
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where hi > 0 if Pi is located on the right side of Si(x(Pi) > x
(Si)) and hi < 0 if Pi is left of Si. Note that the signs of f and
Ri have to be considered according to the conventions in
Fig. 9.25.

The intersections Pi of the principle planes with the
symmetry axis are called principal points of the lens. For
d ! 0 the principle planes converge against the center plane
of the thin lens and (9.28) transfers into (9.25a).

In Fig. 9.31 some examples of the principle planes of
different forms of thick lenses are shown. This illustrates that
the principle planes can indeed lie outside the lens. The
principle planes are often designated by the letter H (from
the German Hauptebene).

Example

For a biconvex lens with N = 1.5, R1 = 20 cm,
R2 = −30 cm and d = 1 cm the focal length becomes
according to (9.28) f = 24 cm. The principle planes
have the distances h1 = +2.6 cm rom S1 and h2 = −4.0
from S2 as can be proved by inserting the numbers into
(9.29) (Fig. 9.32).

The geometrical construction of the imaging by a thick
lens is analogue to that for a thin lens (Fig. 9.28), if the
principle planes are regarded as the refracting planes
(Fig. 9.31). The object distance a is measured from A to P1,
the image distance b from P2 to B (Fig. 9.30).

The distances xa between object A and focal point Fa and
xb between focal point Fb and image B can be determined
from Fig. 9.31 using the theorem of intersecting lines

xa
f
¼ A

B
and

xb
f
¼ B

A

) xa " xb ¼ f 2:
ð9:30Þ

With xa ¼ a% f and xb ¼ b% f this gives the lens
Eq. (9.26)

f ¼ a " b
aþ b

) 1
f
¼ 1

a
þ 1

b
ð9:31Þ

which is valid also for thick lenses. The only difference is that
a and b are measured from the principal planes P1 and P2 and
not, as for thin lenses, from the center plane of the lens.

9.5.4 System of Lenses

Often more than one lens has to be used for special imaging
problems (see Sects. 9.5.5 and Chap. 11). The optimum
choice for the combination of several lenses can consider-
ably improve the quality of the image. We will illustrate for
the example of two lenses the method for determining the
relevant parameters of a lens system.

We regard in Fig. 9.33 a system of two thick lenses L1
and L2 with focal lengths f1 and f2 and the distance
D = P12P21 between the inner principal planes P12 and P21.
A ray from the object A parallel to the axis passes through
the focal point Fb1 on the image side of L1 and propagates
further on until it reaches the focal point Fb of the lens
system. An object A at a far distance (a ! ∞) is imaged by
L1 into its focal plane b = f1.

The intermediate image of L1 in Fb1 has for L2 the object
distance a2 = D – f1 is further imaged by L2 according to
(9.31) into the image distance

b2 ¼
a2f2

a2 % f2
¼ D% f1ð Þf2

D% f1 % f2ð Þ
: ð9:32aÞ

For arbitrary distances a1 it follows from (9.31)

b1 ¼
a1f1

ða1 % f1Þ
.

The focal length f of the total system can be defined as
(see problem 9.15)

f ¼ f1 " f2
f1 þ f2 % D

ð9:32bÞ
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Fig. 9.31 Geometrical construction for the imaging by a thick lens
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Fig. 9.32 Examples of the position of the principle planes for different
forms of lenses
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