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Anisotropic Materials
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Susceptibilities by crystal lattice 
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For uniaxial crystals 

 

O  =  ordinary 

E   =  extraordinary 

O
n = index for polarization of the two equal susceptibility components 

E
n = index for polarization of the one isolated component 

 

What is extraordinary? 
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Material structure - optical properties

random positions and random orientations periodic lattice of atoms or molecules

• amorphous
• liquid

• crystal
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Liquid Crystal Display

Figure 17: Active-matrix liquid crystal display.

Figure 18: Temperature sensitive cholesteric liquid crystalline film. See the following link for more details:
http://www.prospectonellc.com/lcr.htm. “Reversible Temperature Indicating paints, slurries, labels,
Liquid Crystal Thermometers”.

upon temperature. Liquid crystals make it possible to accurately gauge temperature just by looking at
the color of the thermometer, see Fig. (18). By mixing di↵erent compounds, a device for practically any
temperature range can be built.

Optical Imaging

An application of liquid crystals that is only now being explored is optical imaging and recording. In this
technology, a liquid crystal cell is placed between two layers of photoconductor. Light is applied to the
photoconductor, which increases the material’s conductivity. This causes an electric field to develop in
the liquid crystal corresponding to the intensity of the light. The electric pattern can be transmitted by
an electrode, which enables the image to be recorded.

Polymer dispersed liquid crystals

PDLCs consist of liquid crystal droplets that are dispersed in a solid polymer matrix (see Fig. (19)). The
resulting material is a sort of “swiss cheese” polymer with liquid crystal droplets filling in the holes. These
tiny droplets (a few microns across for practical applications) are responsible for the unique behavior of
the material. By changing the orientation of the liquid crystal molecules with an electric field, it is
possible to vary the intensity of transmitted light.

Other Liquid Crystal Applications

Liquid crystals have a multitude of other uses. They are used for nondestructive mechanical testing of
materials under stress. This technique is also used for the visualization of RF (radio frequency) waves
in waveguides. They are used in medical applications where, for example, transient pressure transmitted
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Anisotropic Materials - Index Ellipsoid

D ! k ¼ 0; B ! k ¼ 0: ð8:77Þ

Both vectors D and B are perpendicular to the wave
vector k. With the relation (8.27)

B ¼ n=cð Þ ! k0 % Eð Þ

we conclude that B ⊥ E.
From the definition (7.21) of the Pointing vector

S ¼ e0c2 E% Bð Þ ðfor l¼ 1Þ

it follows that B ⊥ S. Since in dielectric media no electric
current flows, is rot B = ll0 ! ∂D/∂t (see Sect. 8.3). This
implies B ⊥ D.

The consequence of the relations above is the following:
Since B is perpendicular to k, E, D and S, the latter four

vectors all have to lie in a plane ⊥ B (Fig. 8.32). E and
D include the angle a, which is determined by the tensor
(8.75). An important consequence is that the direction of the
wave vector k is no longer identical with the direction of the
energy flow S. The two vectors k and S include the same
angel a as E and D because E ⊥ S and D ⊥ k. While the
phase planes are perpendicular to k the energy flows in the
direction of S.

In anisotropic crystals the direction of light propaga-
tion and energy flow are generally different.

The electric field vector E is perpendicular to S but not to
k. The wave is no longer strictly transversal. The electric
field E has a component in the direction of k.

8.5.2 Refractive Index Ellipsoid

In non-absorbing media the tensor elements eik in (8.75) are
real numbers and for media without optical activity the
tensor becomes symmetric, i.e. eik = eki. In this case the
number of tensor components reduces to six. One can

always choose a coordinate system (x, y, z) where the
coordinate axes are oriented in such a way that all
non-diagonal elements of (8.75) are zero and the tensor
becomes diagonal (principal axis transformation)

~epa ¼
e1 0 0
0 e2 0
0 0 e3

0

@

1

A ð8:78Þ

The principal values e1, e2, e3 are obtained by the diag-
onalization of the corresponding matrix (8.75). These prin-
cipal values of e correspond to three values of the refractive
index n

n1 ¼
ffiffiffiffi
e1

p
; n2 ¼

ffiffiffiffi
e2

p
; n3 ¼

ffiffiffiffi
e3

p
:

If the vector

n ¼ n1; n2; n3f g

is plotted in a coordinate system with axes n1, n2, n3 (prin-
cipal axis system), its endpoint describes the ellipsoid

n2x
n21

þ
n2y
n22

þ
n2z
n23

¼ 1 ð8:79Þ

which is called the index ellipsoid (Fig. 8.33). The lengths
of the principal axes of this ellipsoid give the principal
values ni of the refractive index.

Crystals for which n1 = n2 6¼ n3 are called optical uni-
axial crystals.

Their index ellipsoid shows rotational symmetry about
the z-axis; which corresponds to the crystallographic c-axis
of the uniaxial crystal. For n3 > n1 = n2 the crystal is called
optical positive, for n3 < n1 = n2 it is optical negative.

If a plane wave falls into the direction of the wave vector
k onto an uniaxial crystal the plane perpendicular to k cuts
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→

→

(90° )− α
B
→

Fig. 8.32 When a light wave propagates in an anisotropic crystal the
vectors k; E; D and S all lie in the same plane perpendicular to B, but
E is no longer perpendicular to k
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Fig. 8.33 a) Rotationally symmetric index ellipsoid with the symmetry
axis in the direction of the optical axis. b) two-dimensional representation
of the extraordinary refractive index ne(h) and the ordinary index n0
which is independent of h for a positive uniaxial crystal
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(c) Demtröder: Electrodynamics and Optics



Anisotropic Materials - k-Surfaces

D ! k ¼ 0; B ! k ¼ 0: ð8:77Þ

Both vectors D and B are perpendicular to the wave
vector k. With the relation (8.27)

B ¼ n=cð Þ ! k0 % Eð Þ

we conclude that B ⊥ E.
From the definition (7.21) of the Pointing vector

S ¼ e0c2 E% Bð Þ ðfor l¼ 1Þ

it follows that B ⊥ S. Since in dielectric media no electric
current flows, is rot B = ll0 ! ∂D/∂t (see Sect. 8.3). This
implies B ⊥ D.

The consequence of the relations above is the following:
Since B is perpendicular to k, E, D and S, the latter four

vectors all have to lie in a plane ⊥ B (Fig. 8.32). E and
D include the angle a, which is determined by the tensor
(8.75). An important consequence is that the direction of the
wave vector k is no longer identical with the direction of the
energy flow S. The two vectors k and S include the same
angel a as E and D because E ⊥ S and D ⊥ k. While the
phase planes are perpendicular to k the energy flows in the
direction of S.

In anisotropic crystals the direction of light propaga-
tion and energy flow are generally different.

The electric field vector E is perpendicular to S but not to
k. The wave is no longer strictly transversal. The electric
field E has a component in the direction of k.

8.5.2 Refractive Index Ellipsoid

In non-absorbing media the tensor elements eik in (8.75) are
real numbers and for media without optical activity the
tensor becomes symmetric, i.e. eik = eki. In this case the
number of tensor components reduces to six. One can

always choose a coordinate system (x, y, z) where the
coordinate axes are oriented in such a way that all
non-diagonal elements of (8.75) are zero and the tensor
becomes diagonal (principal axis transformation)

~epa ¼
e1 0 0
0 e2 0
0 0 e3

0

@
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A ð8:78Þ

The principal values e1, e2, e3 are obtained by the diag-
onalization of the corresponding matrix (8.75). These prin-
cipal values of e correspond to three values of the refractive
index n

n1 ¼
ffiffiffiffi
e1

p
; n2 ¼

ffiffiffiffi
e2

p
; n3 ¼

ffiffiffiffi
e3

p
:

If the vector

n ¼ n1; n2; n3f g

is plotted in a coordinate system with axes n1, n2, n3 (prin-
cipal axis system), its endpoint describes the ellipsoid

n2x
n21

þ
n2y
n22

þ
n2z
n23

¼ 1 ð8:79Þ

which is called the index ellipsoid (Fig. 8.33). The lengths
of the principal axes of this ellipsoid give the principal
values ni of the refractive index.

Crystals for which n1 = n2 6¼ n3 are called optical uni-
axial crystals.

Their index ellipsoid shows rotational symmetry about
the z-axis; which corresponds to the crystallographic c-axis
of the uniaxial crystal. For n3 > n1 = n2 the crystal is called
optical positive, for n3 < n1 = n2 it is optical negative.

If a plane wave falls into the direction of the wave vector
k onto an uniaxial crystal the plane perpendicular to k cuts
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Fig. 8.32 When a light wave propagates in an anisotropic crystal the
vectors k; E; D and S all lie in the same plane perpendicular to B, but
E is no longer perpendicular to k

(a)

ne

n1 = n2

k

Optical axis Optical axis

ne( )

n0

k

n0

n3

(b)

D

Fig. 8.33 a) Rotationally symmetric index ellipsoid with the symmetry
axis in the direction of the optical axis. b) two-dimensional representation
of the extraordinary refractive index ne(h) and the ordinary index n0
which is independent of h for a positive uniaxial crystal
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the ellipsoid in an ellipse (Figs. 8.33 and 8.34). The vector
D lies in this plane. The length of the line segment in the
direction of D from the origin to the ellipse gives the
refractive index n for this wave and therefore also its phase
velocity vph ¼ c=n. It exists a special direction of k for
which the slice plane is a circle. This direction is the optical
axis of the crystal. For this direction of k the refractive index
does not depend on the orientation of D.

For the general case n1 6¼ n2 6¼ n3 6¼ n1 there are two
directions of k for which the slice plane is a circle. In such
biaxial crystal there are two optical axes. For all waves
propagating into the direction of one of these optical axis the
refractive index and the phase velocity of the waves are
independent of the direction of E. In this case E and D point
into the same direction.

For an uniaxial crystal the z-axis is chosen as the optical
axis. Then the x-z-plane through the origin cuts the index
ellipsoid, which is rotationally symmetric about the z-axis, in
an ellipse for one polarization component (E in the x-z-plane),
while the cut for the other component in the x-y plane gives a
circle (Fig. 8.34). The refractive index for the component in
the x-y-plane does not depend on the angle h between optical
axis and wave vector k. It behaves as in an isotropic medium
and is called the ordinary refractive index, while the refractive
index for the other component in the x-z-plane, which does
depend on the angle h is the extraordinary refractive index. Its
maximum value in positive uniaxial crystals is obtained for
h = 90°, where ne = n3 and k ‖ x (Fig. 8.34a) its minimum
value ne = n0 for h = 0° (k ‖ z). For our choice of the coor-
dinate axes the light waves with E = {0, Ey, 0} are ordinary
waves while those with E = {Ex, 0, Ez} are extraordinary
waves. Table 8.4 compiles some values of n0 and ne for some
uniaxial crystals.

For crystals with lower symmetry there is no longer a
preferential axis and the propagation of light in such crystals
is much more complex. There exists no ordinary wave with a
refractive index that is independent of the direction of k but
there are two extraordinary waves with refractive indices that
depend on the direction of k. For optical biaxial crystals with
two optical axes there are three refractive indices
n1 6¼ n2 6¼ n3 6¼ n. The index ellipsoid has no longer rota-
tional symmetry. With the vector r ¼ fx; y; zg ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffi
ðqem#

p
e0) #

{Dx, Dy, Dz}, where D = {Dx, Dy, Dz} is the displacement
density vector, and ni

2 = ei (i = x, y, z) one obtains the index
ellipsoid

1 ¼ x2

n2x
þ y2

n2y
þ z2

n2z
:

8.5.3 Birefringence

When a parallel unpolarized light beam enters a calcite
crystal (CaCO3) it splits into two beams with different
polarization (Fig. 8.35). One beam follows Snell’s law of
refraction (8.58). For a = 0 is also ß = 0. It is therefore
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Fig. 8.34 Cut through the index ellipsoid a) for a positive and b) for a
negative uniaxial optical crystal. The distance between the center and
the intersection of the propagation direction and the circle resp, ellipse
give the refractive indices n0 resp. ne for this propagation direction. The
red arrows represent two waves in arbitrary directions where only the
ordinary beam or the extraordinary beam is shown. The ellipsoids arte
rotationally symmetric about the optical axis

Table 8.4 Ordinary refractive indices no ¼ n1 and extraordinary index
nað90 %Þ ¼ n3 for some birefringent uniaxial optical crystals at
k ¼ 589:3nm

Crystal no na

Crystal quartz 1.5443 1.5534

Calcite 1.6584 1.4864

Tourmaline 1.669 1.638

ADP = Ammonium-Dihydrogen-Phosphate 1.5244 1.4791

KDP = Potassium Diphosphate 1.5095 1.4683

Cadmium sulfid 2.508 2.526

234 8 Electromagnetic Waves in Matter



Birefringence

called the ordinary beam (see last section). The second
beam has even for A = 0 a refraction angelß 6¼ 0
(extra-ordinary beam).

The two beams are polarized orthogonal to each other.
The ordinary beam is polarized perpendicular to the optical
axis of the crystal, while the E-vector of the extra-ordinary
beam is parallel to the optical axis. Crystals that split the
incident light beam into two components, are called bire-
fringent crystals.

As has been discussed in Vol. 1, Sect. 11.11 the refrac-
tion can be understood with Huygens principle. The propa-
gation direction is the normal to the envelope of the wave
fronts of the elementary waves, which are emitted from each
point hit by the primary wave (Fig. 8.36).

If the incident light impinges perpendicular to the optical
axis onto the crystal (Fig. 8.36a) the phase velocity of the
wave does not depend on the propagation direction in the
crystal. This is true for both polarization directions. The
phase surfaces for each elementary wave (in Fig. 8.36a is
only one indicated) originating from the point A are spheres
and their cuts with the x-y-plane are circles. However, the
phase velocities differ for the ordinary and the extraordinary
wave, because no is different from ne. the tangent from the
point B to the phase velocity circles gives the phase front of
the total wave for ordinary and extraordinary wave. The
wave vectors ko and ke are perpendicular to these tangents.
They point into different directions.

If the direction of the incident light is inclined against the
optical axis (in Fig. 8.36b lies the optical axis in the drawing
plane) the phase velocity of the extraordinary wave (polar-
ization vector is parallel to the optical axis) depends on the
inclination angle against the optical axis (Fig. 8.34).
Therefore the cuts of the phase surfaces with the x-y-plane
are ellipses, for the ordinary wave (polarization direction
perpendicular to the optical axis) they are circles.

If the wave impinges vertically onto the surface of the
crystal (Fig. 8.35a) the ordinary wave passes through the
crystal into the same direction as the incident wave (there is no
refraction, i.e. the refractive angle ß = a is equal to the angle of
incidence). The extraordinary wave is refracted (ß 6¼ a),

In Fig. 8.37 the generation of the elliptical phase surface
is again illustrated for the general case. The E-vector of the
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(b)

e

o α
1β

2β

Fig. 8.35 Optical birefringence. a) vertical incidence b) inclined
incidence c) Illustration of birefringence in a calcite crystal. The incident
unpolarized light is split into ordinary and extraordinary beam which are
linearly polarized orthogonal to each other
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Fig. 8.36 a) Birefringence of the incident light, if the optical axis is
perpendicular to the drawing plane. b) Elliptical wave front for the
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Birefringence - Wave Retarder

Example

For a positive optical uniaxial crystal with n1 = 1.55
and n2 = 1.58 the length of the k/4-plate is d = k/(4 !
0.03) = 8.3 k = 4.3 lm for k = 500 nm.

This shows that k/4 plates are generally very thin and
therefore mechanical fragile. This can be improved by
choosing a crystal with a small value of Dn, which increases
the thickness d. Another possibility is a thicker crystal with a
higher order n of the phase difference

Du ¼ 2mþ 1ð Þp=2 withm & 1

The disadvantage of these higher order k/4-plates is the
stronger dependence of the phase shift Du(k) on the wave-
length k.

8.6.4 Polarization Turners

For many applications in optics the problem arises to turn
the direction of the E-vector of plane polarized light by a
definite angle Da. This can be achieved with a k/2 plate
which has twice the optical length n ! d of a k/4-plate. The

optical axis lies in the plane of the plate. If the E-vector of
the incident wave forms the angle u against the optical axis
(Fig. 8.45) we can split the vector E0 into the two
components

E0k ¼ E0 ! cosu; and E0? ¼ E0 ! sin u

parallel and perpendicular to the optical axis. Both compo-
nents are in phase at the entrance surface. Due to the dif-
ferent refractive indices the two components show at the exit
surface the phase difference

Du ¼ 2p=kð Þ ! d ! Dn:

For a crystal length d = k/(2 ! Dn) the phase difference
becomes Du = p. With the wavenumber k = 2p/k we can
write the electric vector E at the exit surface as

Ek ¼ E0 cos u ! eikkdeix t;

E? ¼ E0 sin u ! eik?deix t;

¼ 'E0 sin u ! eikkdeix t;

ð8:81Þ

The vector E has turned after the crystal length d by the
angleDa = 2u. Turning the k/2 plate about the direction of the
incident beam allows one to realize any angle u against the
optical axis and therefore also any turning angle Da = 2u.
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Fig. 8.45 Rotation of the polarization plane of an incident linearly
polarized wave by a k/2-plate
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representation b) direction of the electric vector E of the incident wave
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Example

For a positive optical uniaxial crystal with n1 = 1.55
and n2 = 1.58 the length of the k/4-plate is d = k/(4 !
0.03) = 8.3 k = 4.3 lm for k = 500 nm.

This shows that k/4 plates are generally very thin and
therefore mechanical fragile. This can be improved by
choosing a crystal with a small value of Dn, which increases
the thickness d. Another possibility is a thicker crystal with a
higher order n of the phase difference

Du ¼ 2mþ 1ð Þp=2 withm & 1

The disadvantage of these higher order k/4-plates is the
stronger dependence of the phase shift Du(k) on the wave-
length k.

8.6.4 Polarization Turners

For many applications in optics the problem arises to turn
the direction of the E-vector of plane polarized light by a
definite angle Da. This can be achieved with a k/2 plate
which has twice the optical length n ! d of a k/4-plate. The

optical axis lies in the plane of the plate. If the E-vector of
the incident wave forms the angle u against the optical axis
(Fig. 8.45) we can split the vector E0 into the two
components

E0k ¼ E0 ! cosu; and E0? ¼ E0 ! sin u

parallel and perpendicular to the optical axis. Both compo-
nents are in phase at the entrance surface. Due to the dif-
ferent refractive indices the two components show at the exit
surface the phase difference

Du ¼ 2p=kð Þ ! d ! Dn:

For a crystal length d = k/(2 ! Dn) the phase difference
becomes Du = p. With the wavenumber k = 2p/k we can
write the electric vector E at the exit surface as

Ek ¼ E0 cos u ! eikkdeix t;

E? ¼ E0 sin u ! eik?deix t;

¼ 'E0 sin u ! eikkdeix t;

ð8:81Þ

The vector E has turned after the crystal length d by the
angleDa = 2u. Turning the k/2 plate about the direction of the
incident beam allows one to realize any angle u against the
optical axis and therefore also any turning angle Da = 2u.
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Liquid Crystal Display

Figure 17: Active-matrix liquid crystal display.

Figure 18: Temperature sensitive cholesteric liquid crystalline film. See the following link for more details:
http://www.prospectonellc.com/lcr.htm. “Reversible Temperature Indicating paints, slurries, labels,
Liquid Crystal Thermometers”.

upon temperature. Liquid crystals make it possible to accurately gauge temperature just by looking at
the color of the thermometer, see Fig. (18). By mixing di↵erent compounds, a device for practically any
temperature range can be built.

Optical Imaging

An application of liquid crystals that is only now being explored is optical imaging and recording. In this
technology, a liquid crystal cell is placed between two layers of photoconductor. Light is applied to the
photoconductor, which increases the material’s conductivity. This causes an electric field to develop in
the liquid crystal corresponding to the intensity of the light. The electric pattern can be transmitted by
an electrode, which enables the image to be recorded.

Polymer dispersed liquid crystals

PDLCs consist of liquid crystal droplets that are dispersed in a solid polymer matrix (see Fig. (19)). The
resulting material is a sort of “swiss cheese” polymer with liquid crystal droplets filling in the holes. These
tiny droplets (a few microns across for practical applications) are responsible for the unique behavior of
the material. By changing the orientation of the liquid crystal molecules with an electric field, it is
possible to vary the intensity of transmitted light.

Other Liquid Crystal Applications

Liquid crystals have a multitude of other uses. They are used for nondestructive mechanical testing of
materials under stress. This technique is also used for the visualization of RF (radio frequency) waves
in waveguides. They are used in medical applications where, for example, transient pressure transmitted
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Phase Matching in Non-linear Optics

VoLUME 75, NuMBER 24

and whose opening angle depends on the angle 0P
between the crystal optic axis and the pump. %'ith type-II
phase matching, the down-converted photons are emitted
into two cones [10], one ordinary polarized, the other
extraordinary polarized [17]. In the collinear situation
the two cones are tangent to one another on exactly one
line, namely, the pump beam direction [18]. If 0&~ is
decreased, the two cones will separate from each other
entirely. However, if the angle is increased, the two
cones tilt toward the pump, causing an intersection along
two lines (see Fig. 1) [19—21]. Along the two directions
("1"and "2"), where the cones overlap, the light can be
essentially described by an entangled state:

extraordinary
Entangled-state
emission directions

ordinary

ly) = (IHt, V»+ e"IVi, Hz))/~2,
where H and V indicate horizontal (extraordinary) and
vertical (ordinary) polarization, respectively. The relative
phase o. arises from the crystal birefringence, and an
overall phase shift is omitted.
Using an additional birefringent phase shifter (or even

slightly rotating the down-conversion crystal itself), the
value of u can be set as desired, e.g. , to the values 0 or
vr. (Somewhat surprisingly, a net phase shift of vr may
be obtained by a 90' rotation of a quarter wave plate in
one of the paths. ) Similarly, .a half wave plate in one path
can be used to change horizontal polarization to vertical
and vice versa. One can thus very easily produce any of
the four EPR-Bell states,

IO=) = (IHi, V2) IV, , H, ))/A,
IA=) = (IHt, H2) ~ IVt, Vz))/K2, (2)

which form the complete maximally entangled basis of
the two-particle Hilbert space, and which are important in
many quantum communication and quantum information
schemes.
The birefringent nature of the down-conversion crys-

tal complicates the actual entangled state produced, since
the ordinary and the extraordinary photons have different
velocities inside the crystal, and propagate along differ-
ent directions even though they become collinear outside
the crystal (an effect well known from calcite prisms, for
example). The resulting longitudinal and transverse walk-
offs between the two terms in the state (1) are maximal for
pairs created near the entrance face, which consequently
acquire a relative time delay 6T = L(1/u, —I/u, ) (L
is the crystal length, and u, and u, are the ordinary and
extraordinary group velocities, respectively) and a relative
lateral displacement d = L tanp (p is the angle between
the ordinary and extraordinary beams inside the crystal).
If 6T ~ ~„the coherence time of the down-conversion
light, then the terms in (1) become, in principle, distin-
guishable by the order in which the detectors would fire,
and no interference will be observable. Similarly, if d
is larger than the coherence width, the terms can become
partia11y labeled by their spatial location.
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FIG. 1. (a) Spontaneous down-conversion cones present with
type-II phase matching. Correlated photons lie on opposite
sides of the pump beam. (b) A photograph of the down-
conversion photons, throogh an interference filter at 702 nm
(5 nm FWHM). The infrared film was located 11 cm from the
crystal, with no imaging lens. (Photograph by M. Reck. )

Because the photons are produced coherently along the
entire length of the crystal, one can completely com-
pensate for the longitudinal walk-off [23]—after com-
pensation, interference occurs pairwise between processes
where the photon pair is created at distances ~x from the
middle of the crystal. The ideal compensation therefore
uses two crystals, one in each path, which are identical
to the down-conversion crystal, but only half as long. If
the polarization of the light is first rotated by 90 (e.g. ,
with a half wave plate), the retardations of the o and the
e components are exchanged and complete temporal in-
distinguishability is restored (6T = 0) [24]. The same
method provides the optimal compensation for the trans-
verse walk-off effect as well [25].
The experimental setup is shown in Fig. 2. The 351.1

nm pump beam (150 mW) originated in a single-mode
argon ion laser, followed by a dispersion prism to remove
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entire length of the crystal, one can completely com-
pensate for the longitudinal walk-off [23]—after com-
pensation, interference occurs pairwise between processes
where the photon pair is created at distances ~x from the
middle of the crystal. The ideal compensation therefore
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to the down-conversion crystal, but only half as long. If
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with a half wave plate), the retardations of the o and the
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